The experimental electron-density distribution in ~t-oxalic acid dihydrate, a-C2H204.2H20, as measured by Dam, Harkema & Feil [Acta Cryst. (1983), B39, 760-768], is compared with results from a theoretical density-functional calculation, with a local approximation to exchange and correlation. The agreement between the multipole-refined experimental and the refined vibrationally averaged theoretical electrondensity distribution improves significantly when taking into account the effects of hydrogen bonding and crystal environment. A comparison of structure factors based on the experimental electron-density distribution with those based on the vibrationally averaged theoretical molecular-density distributions, yielded an R factor of 1.3%. Inclusion of the effects of hydrogen bonding in the theoretical model lowered the R factor to 1.1%. When the effects of the crystal environment were taken into account, a further lowering to 1.0% resulted.
Introduction
As part of a recent project of the International Union of Crystallography, the electron-density distribution in a-oxalic acid dihydrate has been thoroughly investigated, using both experimental and theoretical * Supported in part by the Netherlands Foundation for Chemical Research (SON) with financial aid from the Netherlands Organization for Advancement of Pure Research (ZWO).
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0108-7681/88/060609-08503.00 techniques . The largest discrepancies between experiment and theory appeared to occur in the lone-pair regions where theoretical deformation densities (i.e. the difference between the molecular density and the superimposed spherically averaged densities of the free atoms constituting the molecule) are higher and less diffuse compared with the experimental deformation density. The cause of this discrepancy may well be ascribed to the limited basis set used and, as suggested by Olovsson (1980) , Stevens (1980) and Hermansson (1984 Hermansson ( , 1985 , the neglect of taking into account intermolecular interactions in the theoretical calculations.
The main object of this study is a comparison of the electron-density distribution in a-oxalic acid dihydrate obtained from X-ray diffraction experiments on single crystals with those obtained from quantum-mechanical calculations. Therefore, the subject of a theoretical calculation should also be a system consisting of a large cluster of properly oriented and positioned interacting molecules. Since this approach is not feasible from a computational point of view, the model has to be simplified considerably.
Previous studies (Krijn & Feil, 1986 , 1987 indicated that the electron-density redistribution, upon forming weak hydrogen bonds, is dominated by a polarization contribution. Consequently, the effects of weak hydrogen bonds on the electron-density distribution can be accounted for by placing the molecule in the electric field of its weakly bonded neighbours. In the case of strong hydrogen bonds, however, the subtle interplay of exchange repulsion, charge transfer and polarization requires a quantum-mechanical description of the complex or supermolecule consisting of the strongly bonded molecules. The elementary building block of crystalline a-oxalic acid dihydrate is the oxalic acid dihydrate complex, bonded to neighbouring complexes by hydrogen bonds of weak and intermediate strength. Therefore, we focus on one such complex, explicitly taking into account its internal strong hydrogen bonds, and approximate the influence of the crystal environment by including its electrostatic potential in the Hamiltonian describing the complex.
From ab initio SCF Hartree-Fock (HF) calculations on the oxalic acid dihydrate complex (Breitenstein et al., 1983) , employing a 4-31G basis set augmented with bond-centred polarization functions, it was concluded that taking into account the contribution of the internal hydrogen bonds to the electron-density distribution does not markedly improve the discrepancy between experiment (Stevens & Coppens, 1980) and theory. However, based on a similar study (Krijn & Feil, 1988) , we predicted just the contrary, namely a measurable increase, at least in principle, of electron density in the O-H-bond region of the oxalic acid molecule, improving the agreement between experiment (Dam, Harkema & Feil, 1983 ) and theory significantly. The change in oxygen lone-pair density of the water molecule, induced by the hydrogen bond donated by the oxalic acid molecule, was found not to exceed the experimental standard deviation.
To calculate the electron-density distribution, the formalism of density-functional theory was adopted, with a local approximation to exchange and correlation, which proved to be a viable and computationally less-demanding alternative to the HF formalism, without the expense of accuracy. The method allows the use of a mathematically nearly complete basis set for systems as large as oxalic acid dihydrate. The basis-set dependence of the electron-density distribution has been investigated by Bicerano, Marynick & Lipscomb (1978) , Breitenstein et al. (1983) , and Baerends et al. (1985) , from which we infer that inclusion of d-and f-type polarization functions is a prerequisite for obtaining reliable electron-density distributions, i.e. density distributions with an accuracy better than 0.1 e .A-3 in the bonding regions.
A direct comparison of experiment and theory is hampered on account of the first being a time average over the internal and lattice vibrations. The aim of the present paper is to tackle this problem by performing a multipole refinement of both the experimental and dynamic (i.e. vibrationaUy averaged) theoretical results and afterwards matching the parameters describing the temperature dependence of the electron-density distribution. In this manner, experiment and theory are treated on a equal footing, eliminating for the greater part the bias introduced by refinement model inadequacies, while spurious features in the experimental density distribution are filtered out. Possible inadequacies of the refinement model are investigated and discussed.
Methodology

Experiment
Results of the determination of the electron-density distribution in e-oxalic acid dihydrate at 100 K, by means of X-ray diffraction, were reported by Dam et al. (1983) . An extensive data set, consisting of all reflections in the reciprocal sphere up to (sin0)/2 = 1.3/~-i, was measured. Structural parameters and deformation densities compared well, whereas thermal parameters differed significantly from the findings of an earlier published study (Stevens & Coppens, 1980) . Correction for thermal diffuse scattering increased the vibrational parameters by 12%, without however, resulting in significant deviations in the deformation density. A perturbation of the water oxygen lone-pair density was perceived and attributed to hydrogen bonding of the water molecule to oxalic acid.
Quantum-mechanical calculations
Quantum-mechanical calculations of the electrondensity distribution in the oxalic acid dihydrate complex were performed within the framework of densityfunctional theory. The local approximation to the exchange-correlation potential employed was the exchange potential of Kohn & Sham (1965) added to the correlation potential represented by the parametrization by and Vosko, Wilk & Nusair (1980) of the Monte Carlo results of Ceperley & Alder (1980) for the homogeneous electron gas. The correlation part of the exchange-correlation potential was corrected for self-interaction according to the method of Stoll, Pavlidou & Preuss (1978) and Stoll, Golka & Preuss (1980) . Matrix elements in the secular equation were determined numerically (Baerends & Ros, 1978) . The basis set consisted of Cartesian Slater-type orbital (STO) functions with polarization functions up to l = 2 on H and up to l = 3 on C and O. Results were corrected for the basis-set superposition error according to the counterpoise method of Boys & Bernardi (1970) .
The geometry of the oxalic acid dihydrate complex was obtained from bond distances and angles determined by neutron diffraction at 100 K (Koetzle & McMullan, 1980) .
Computational details and results are reported elsewhere (Krijn & Feil, 1988) .
Since the analytical Fourier transform of a twocentre product of STO's is not feasible, the theoretical electron-density distribution p was expanded in a finite set of atom-centred spherical harmonics, multiplied by a Slater-type radial part,
p~-~= Z aif i. i
The expansion coefficients a~ were computed from an analytical minimization of the error function D = f (p-~)2 d3r subject to the norm preserving constraint f~ d3r = N e, ( 3) where N e is the total number of electrons (Baerends & Ros, 1978) . The functions f/, extending up to l = 4 on each atomic site, were chosen in such a manner as to result in an error Ip-~l less than 0.025eA -3 everywhere.
Structure factors were calculated analytically from k (Kaijser & Smith, 1977 ).
Multipole refinement
The experimental and dynamic theoretical electrondensity distributions are refined, retaining the convolution approximation (Coulson & Thomas, 1971; Stewart, 1976) . The electron-density distribution is divided into atomic fragments that are assumed to undergo rigid harmonic translational vibrations only. The density p~ of atomic fragment i is expressed as a superposition of the spherically averaged free-atom density pat, plus a deformation density expressed as a linear combination of deformation functions, identical to a sum of spherical harmonics with a Slater-type radial part, centred at the site of atom i,
n k in which r I is the distance from the atomic centre and Or. k the angle between the radius vector r i and a specified axis k through the atomic centre (Hirshfeld, 1971 (Hirshfeld, , 1977 . t~ i is an adjustable shape parameter for each atom i, n an integer between 0 and 4, and N, a normalization factor depending on n and ~t.
For all non-H atoms, the coefficients Ci.,,. k and parameters ai are refined together with the positional and thermal parameters, whereas for H atoms only Ci.n. k and a i are refined. Functions with n = 3 and n = 4 were omitted for all H atoms. No symmetry constraints, other than the crystallographic symmetry, are imposed, resulting in 7 exponential parameters ~ti (3 for H, 1 for C, and 3 for O) and 169 expansion coefficients Ct.n. k (30 for H, 35 for C, 105 for O, minus 1 neutrality constraint). Including a scale factor, 12 positional and 24 thermal parameters, this amounts to 213 independent parameters. (5) 24236 (12) -22122 (4) 24241 (7) -22116 (4) 24240 (8) 0(3) -45150 (5) 63088 (12) -45154 (5) 63085 (10) -45155 (5) 63081 (9) UII U22 C(I) 924 (8) 1065 (10) 908 (6) 1057 (6) 919 (5) 1070 (5) 746 0(1) 1265 (8) 1858 (12) 729 1263 (6) 1844 (7) 710 1274 (5) 1855 (6) 719 0(2) 1162 (8) 1750 (11) 920 1141 (5) 1726 (7) 917 1157 (5) 1747 (6) (2) 5197 (2) 15007 (2) 15007 (2) 15007 (2) 3629 (2) 3631 (2) 3632 (2) 17858 (2) 17854 (2) 17853 (2) U33 U12 U~3 U23
746 (7) 169 (6) 253 (4) -4 (6) 736 (5) 187 (5) 252 (4) 10 (5) (4) 189 (4) 255 (4) 12 (4) (6) 505 (7) 228 (4) 78 (6) (4) 512 (5) 219 (4) 83 (5) (3) 513 (4) 222 (3) 84 (4) (6) 585 (7) 356 (4) 74 (6) (4) 578 (4) 354 (3) 74 (4) (4) 584 (4) 358 (3) 74 (4) (6) 288 (6) 387 (4) 111 (6) (5) 291 (5) 384 (4) 117 (5) (4) 292 (5) 387 (4) 118 (5)
Results and discussion
Multipole refinement of experiment
A full-angle refinement was performed, using the cell parameters and X-ray data of Dam et al. (1983) , corrected for extinction and anomalous dispersion. Positional and thermal parameters of the H atoms were kept fixed at the values taken from the neutron diffraction study of Koetzle & McMullan (1980) . The converged refinement resulted in the discrepancy indices
where w= 1/a2(F). a(F) was calculated from a(I) according to Hamilton (1964) . N and p are the number of refined structure factors (3304) and refined parameters (213), respectively. The positional and thermal parameters of the high-order [labelled HO and taken from Dam et al. (1983) ] and multipole refinement (labelled MR1) are compared in Table 1 , and seen to be in good agreement. Asphericity shifts and the average values of positional parameter discrepancies with the neutron diffraction results of Koetzle & McMullan (1980) do not exceed 0.001 A. Although the deviations between X-ray and neutron diffraction thermal parameters exceed statistical criteria, the agreement is remarkable (see also Coppens et al., 1984) . The multipole-refined dynamic deformation density is depicted in Figs. 1 (a), (b) , along with the corresponding dynamic residual density in Figs. 2(a), (b) . Although not imposed on the multipole model, the carbonyl group remains nearly axially symmetric, as expected.
There is evidence (Stevens & Coppens, 1980; Swaminathan, Craven, Spackman & Stewart, 1984) that only a single exponential radial dependence per atom is too restricted a model to describe the density in great detail. Increased flexibility, however, automatically implies an increased correlation between, on the one hand, deformation parameters and, on the other hand, position and thermal parameters. ) angle.
Multipole refinement of theory
With the object to confirm the adequacy of the refinement model, and to be able to compare experiment and theory on an equal footing, a multipole refinement of the dynamic theoretical density distribution in the oxalic acid dihydrate complex was performed. Structure factors for each scattering vector, corresponding to an experimental measurement, were computed analytically from an expansion of the static theoretical density in spherical harmonics multiplied by a Slater-type radial part [cf. (1)1. Thermal motion was included by applying an overall anisotropic temperature factor (Table 2) , obtained from the average of the individual experimental atomic temperature factors, weighted by the number of electrons of the corresponding atoms. In a subsequent refinement with unit weights, positional and thermal parameters of the H atoms were kept fixed at the input values. The converged refinement resulted in the surprisingly low discrepancy indices R = 0.0023, wR = 0.0022 and S = 0.012. The input and refined parameters are compared in Table 2 . The thermal parameters have undergone a slight increase, contrary to the scale factor. Indeed, correlations (2) 15007 (1) 24239 (2) 3630 (1) 13126 (2) 32144 ( (1) 1326 (1) 1759 (1) 917 (I) 422 (1) 347 (1) 73 (1) 0(2) 1313 (l) 1749 (1) 945 (1) 424 (1) 352 (1) 71 (1) 0(3) 1322 (l) 1759 (1) 930 (l) 403 (l) 357 (1) 70 (1) between thermal and deformation parameters, mediated through their mutual interaction with the scale factor, might be the cause. Especially the cusp functions (n = 0) appeared to correlate appreciably (80%) with the scale factor. The dynamic residual density (not shown) appeared featureless and nowhere to exceed 0.010eA -~, except for peaks with a height of 0.025 e,~ -3 centred at the oxalic acid O-H-bond mid-points. No systematic features are observed in the oxygen lone-pair moieties. The net effect of the small shifts in positional and thermal parameters on the deformation density is depicted in Figs. 3(a), (b) . Shown is the difference between the dynamic deformation density corresponding to the refined parameters and the one corresponding to the input parameters. This difference indicates to what extent the model parameters reproduce the deformation density. We expect similar refinement-model errors to be present in the refined experimental deformation density.
Compar&on of experiment and theory
A direct comparison of experiment and theory requires properly accounting for the effect of thermal motion. The latter may be done by either thermally averaging the theoretical density or by deconvolution of the thermal motion from the experimental density. Since no experimental data are available beyond the limiting sphere given by (sin0)/2 = 1.3 A -~, the finer details in the static experimental density are unreliable. The dynamic experimental density suffers much less from this deficiency. To compare the dynamic experimental and dynamic theoretical density, the thermal parameters of the refined thermally averaged theoretical density were replaced by the thermal parameters of the refined experimental density. The same matching of parameters was carried out for the slightly differing position parameters.
The theoretically determined scale factor, known on an absolute scale, makes it possible to obtain also an absolute, rather than relative, experimental scale factor. To obtain the latter, we proceeded as follows. After matching the refined theoretical temperature and position parameters to the refined experimental temperature and position parameters, the experimental structure factors were scaled, in a least-squares sense, to the refined theoretical structure factors. This resulted in a new experimental scale factor. Next, a multipole refinement of the experimental data was performed, with the new scale factor kept fixed, and the process of matching and scaling, described above, was repeated
.,. ,. ,--, Fig. 3 . Difference between the theoretical dynamic deformation density in oxalic acid dihydrate corresponding to the refined parameters and that corresponding to the input parameters, as specified in Table 2 . The contour interval is 0.05 e A -3. ELECTRON DENSITY OF a-OXALIC ACID DIHYDRATE until self-consistency had been reached. The experimental scale factor, obtained this way, is believed to be in close agreement with the true scale factor. With this scale factor kept fixed, a multipole refinement of the experimental data was performed, the positional and thermal parameters of which are summarized in Table 1 (refinement MR2). The corresponding experimental dynamic deformation density is depicted in Figs. 4(a) , (b). These results justify a strong preference for the use of a scale factor obtained from a high-order refinement of the experimental data, which is kept fixed during the multipole refinement, instead of refining the scale factor during the multipole refinement. Theory and experiment can now be compared. To do so, two different ways suggest themselves. With the experimental density distribution as reference, comparison of the distributions in real space is the obvious choice, whereas the quality of the experimental data, defined by the correspondence with theory, can better be judged in reciprocal space.
The difference of the refined experimental and refined theoretical dynamic density, obtained from matching refined experimental and refined theoretical position and thermal parameters together with a theoretically derived scale factor, as described above, is depicted in Figs. 5(a), (b) . The agreement between experiment and theory is seen to be remarkable. Differences between experiment and theory near the C and O atoms are not significant because of the large standard deviation at these positions. The discrepancy index between experiment and theory amounts to wR = 0.0106.
With the aim to investigate the relative influence of the crystal environment on the electron-density distribution of the oxalic acid dihydrate complex, the density rearrangement upon placing the complex in the electric field, produced by the crystal environment, was calculated (Krijn & Feil, 1988) . The difference between the refined experimental and refined theoretical dynamic density, including the crystal-field effect, is depicted in Figs. 6(a), (b) . None of the features in the density redistribution induced by the crystal environment is significant on its own. However, inclusion of the environment systematically improves the agreement between experiment and theory, as is reflected in a lowering of the wR factor (wR = 0.0096).
[Y" ," ,': c-- The results of a similar comparison of experiment and theory, without including hydrogen bonding and crystal environment in the theoretical results, is shown in Figs. 7(a), (b) . Neglect of intermolecular interactions thus clearly deteriorates the agreement (wR = 0.0129).
Assuming that no correlation between the errors in the refined experimental and refined theoretical density exists, we infer that the standard deviation in the dynamic experimental density is 0.05 e ,4, -3. Based on a comparison of deformation densities, Stevens (1980) arrived at a much larger deviation of 0.40eA -3, however, not necessarily inconsistent with the present results. Our conclusions are based on refined dynamic densities, whereas Stevens (1980) compares unrefined dynamic deformation densities. None of the features in the difference between experiment and theory (Figs.  5a,b) seems to be significant. Discrepancies occur at sites where errors in the experimental density are known to accumulate (near atomic nuclei and centres of symmetry).
It was the asymmetry in the lone-pair deformation density distribution of the acceptor O atom, observed by Stevens & Coppens (1980) and Dam et al. (1983) that suggested that the effect of hydrogen bonding could be observed by X-ray diffraction. Olovsson (1980) and Eisenstein & Hirshfeld (1983) indicated recently that the superposition of the density distributions of the molecules constituting a hydrogen-bonded complex already results in an asymmetric lone-pair deformation density of the acceptor atom, since the donor density extends into the acceptor-atom lone-pair region. This superposition effect partially explained the results of his calculations in which the lone pair involved in hydrogen bonding was found to be weaker than the corresponding non-bonded one. The calculations of Breitenstein et al. (1983) on oxalic acid dihydrate showed a similar pattern. From both our experiments and calculations we infer, however, the opposite to be true. The lone-pair deformation density in the bonding region is the stronger one. It is the unexpected accuracy of the experimental density distribution that makes the density distribution upon hydrogen bonding observable. However, since experiment generally cannot provide i :' : :s~\ :
the densities of the free molecules constituting the hydrogen-bonded complex, the deduction of density redistributions, consequent on hydrogen bonding, solely from the experiment is not straightforward. Remaining discrepancies between theory and experiment may well be the result of anharmonicity in the thermal motion and an unphysical and unconstrained division of electron density among the atoms constituting the molecules in the crystal.
We now proceed to the comparison in reciprocal space. The structure factors were grouped in (sintg)/2 intervals of 0.10 A -1. For each interval, a discrepancy index between experiment and theory, wR, was calculated for each of the theoretical models used. The resulting curves were smoothed and are shown in Fig.  8 . Results are seen to confirm fully the conclusions drawn above. The variation in wR with (sin0)/2 is consistent with the spatial extent of the features in Figs. 5-7.
Concluding remarks
A multipole-refinement-based comparison of the experimental and theoretical electron-density distributions results in a cancelation of refinement-model errors and elimination of statistical errors in the experimental density distribution. The experimental scale factor corresponds closely to the scale factor resulting from a high-order refinement of the experimental data instead of a multipole refinement.
The agreement between experimental and theoretical density distribution in t~-oxalic acid dihydrate is excellent. Neglect of density redistributions in the theoretical density induced by hydrogen bonding markedly deteriorates the agreement. Inclusion of the effect of the crystal environment has only a minor influence. The excellent agreement between experiment and theory confirms the usefulness of performing quantummechanical calculations, with a local approximation to exchange and correlation, as an alternative to the HF approach.
